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Abstract
We show how the superembedding formalism can be applied to construct manifestly kappa-
symmetric higher derivative corrections for the D9-brane. We also show that all correction
terms appear at even powers of the fundamental length scale l. We explicitly construct the first
potential correction, which corresponds to the kappa-symmetric version of the ∂4F 4, which one
finds from the four-point amplitude of the open superstring.
1 Introduction
The derivation of the effective dynamics of branes in string- and M-theory is a difficult problem.
Born-Infeld theory has been shown to describe, in the limit of slowly varying field strengths, the
effective dynamics of D-branes to all orders in α′ [1, 2]. However, when this limit is not valid,
“derivative corrections” to Born-Infeld theory, that is correction terms involving the derivatives
of the fields, i.e. the world volume field strength tensor and the transverse location of the brane,
must be taken into account. The first such correction term was calculated in [3]. In recent
years, there has been some progress in the construction of corrections, see for example [4, 5].
Also, more recently, there have been several approaches based on supersymmetry. In [6, 7],
for example, the leading supersymmetric correction for the gauge field in the Abelian case,
which is the supersymmetric completion of ∂4F 4, has been derived. The full supersymmetric
four-point function was constructed in [8]. The leading correction to the non-Abelian theory,
as a description of coinciding D-branes, has also been identified using various methods, see
[9, 10, 11, 12, 13, 14, 15, 7]. A non-Abelian generalisation of the four-point function of [8] was
discussed in [16]. However, all these results do not possess the κ-symmetry of the undeformed
D-brane actions [17, 18].
The superembedding formalism is a manifestly κ-symmetric method for deriving brane dynamics.
It was developed in [20, 21, 22] 1 and extended into a general framework for the description
of superbranes in [24, 25, 26, 27, 28]. Superembeddings have been used to construct higher
derivative brane actions [29, 30]. For the M2-brane, which has no gauge degrees of freedom,
the first potential κ-symmetric correction term has been constructed in [31], using a (deformed)
superembedding. In the present work, we use an approach similar to that developed in [31].
We draw on the concept of spinorial cohomologies [10, 11, 32, 33] to construct the κ-symmetric
equations of motion corresponding to the ∂4F 4-term for the D9-brane. We prove that it is the
first such potential derivative correction.
The dynamics of the D9-brane are captured by two systems of equations which are linked: the
torsion equation, which gives the world-volume torsion of the brane in terms of the pullback
of the target-space torsion, and the world-volume Bianchi identities for the gauge field living
on the brane. Dimensional analysis puts a natural constraint on the components of the field
strength super 2-form, the so-called F-constraint. This constraint implies Born-Infeld dynamics
for the D9-brane. The introduction of a fundamental length scale allows us to deform the
F-constraint and thereby the Bianchi identities. This leads to derivative corrections in the
equations of motion. This approach is the gauge-field analogue of that used in [31], in which
the first potential derivative correction for the M2-brane was constructed by deforming the
constraint on transverse degrees of freedom, the “embedding constraint”.
Section 2 summarises the superembedding approach as applied to the D9-brane. This section
essentially contains material covered before [34, 35, 36, 37], but serves to prepare the ground for
the discussion of derivative corrections in this approach.
In section 3 we prove generally that deformations of D9-dynamics and also D=10 SYM (or, in
1Note that the concept of source and target superspace appeared already in [19]. For a review of superembed-
dings see [23].
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fact D=10 Yang-Mills coupled to a spinor of canonical dimension), can only exist with coefficients
of even powers of the fundamental length scale l, or, if one likes, integer powers of α′. We then
explicitly deform the standard constraints on the D9-brane in powers of the fundamental length
scale l. We show that the first potential deformation allowed, which is at l2, does not exist. We
then explicitly construct the deformation at the next order, l4, cubic in fields. As in the case
of the M2-brane, the problem turns out to be a spinorial cohomology problem as described in
[10, 11]. We find a unique solution cubic in fields (but have not checked consistency at higher
orders in fields or higher powers of l).
In section 4 we show the effect of the deformed constraint on the kappa-symmetric equations of
motion for the worldvolume theory.
We conclude with some comments on higher order terms and other branes.
2 The D9-brane as a superembedding
Superembeddings are the generalisation of surface theory to supermanifolds. They are well
suited for describing gauge invariant brane dynamics for the branes which arise in superstring
theories and M-theory. The fermionic gauge symmetry, kappa-symmetry, which is present in
the Green-Schwarz description of such objects has a natural geometrical interpretation as the
odd part of the local reparametrisation invariance of the embedded manifold (the brane). The
parameter of the kappa symmetry in the Green-Schwarz formalism is replaced by an odd vector
field on the worldvolume of the brane.
We consider such an embedding, withM labelling the worldvolume of a p-brane andM labelling
the D dimensional target space, which we take to be flat. The embedding is a map,
f :M−→M. (1)
The cotangent frame on the target space, EA = (Ea, Eα) can be pulled back to the worldvolume
via the pullback map, f∗, and expressed in terms of the cotangent frame on the worldvolume,
EA = (Ea, Eα),
f∗EA = EAEA
A. (2)
We use the convention that Latin indices refer to the bosonic directions and Greek indices to the
fermionic directions. Capital letters are used for both, A = (a, α). Underlined indices refer to
target space quantities while those without an underline refer to the worldvolume. Target space
indices are split by the embedding into directions tangential and normal to the worldvolume.
Normal directions are denoted with a primed index, a′ or α′. The matrix EA
A is called the
embedding matrix and contains the geometrical information of the embedding. It can be put
into a general form,
EA
A =
(
ua
a Λa
β′uβ′
α
Ψα
b′ub′
a uα
α + hα
β′uβ′
α
)
. (3)
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Here the matrix ua
b is an element of SO(1,D − 1) and uα
β is the corresponding element of
Spin(1,D − 1). For certain superembeddings, the standard constraint
Eα
a = 0, (4)
implies the equations of motion for the worldvolume supermultiplet. Embeddings describing
the M2-brane and M5-brane are examples of this. For some superembeddings of low bosonic
codimension, a second constraint, called the F-constraint, is required. In the D-brane superem-
beddings there is a closed super three-form, H, in the type II supergravity background. One
introduces a worldvolume two-form, F , which satisfies dF = f∗H. The standard F-constraint
takes the form
Fαβ = Fαb = 0. (5)
In the absence of an explicit length scale, with the standard embedding condition, no objects
of negative mass dimension appear. Dimensional analysis then forces the above form of the
F-constraint. The constraint implies that the multiplet on the worldvolume of the D-brane is
given by the Maxwell supermultiplet (which is on-shell) and thus the fields are constrained to
satisfy their equations of motion. One can write the two-form, F , as
F = F + f∗B. (6)
Here, B, is the two-form potential for H in the background, dB = H, and F is a two-form
field strength for the worldvolume one-form gauge potential, A, satisfying dA = F . In a flat
background, one can give an explicit solution for B in terms of the target space coordinates.
The deformation of the standard Maxwell constraints on the components of F , which defines
supersymmetric (Born-Infeld) theory living on the worldvolume of the D-brane, can then readily
be deduced from the F-constraint. This was carried out explicitly for the D9-brane of IIB in
[37].
In [31] a deformation of the embedding constraint was used to describe higher derivative correc-
tions to the M2-brane equations of motion. Here we will be constructing derivative deformations
of D9-brane dynamics. In the case of the D9-brane (and other space-filling branes), the em-
bedding condition is satisfied without loss of generality ( so Ψ in (2) is 0) since there are no
normal bosonic directions. Thus the embedding matrix must remain undeformed even when
derivative corrections are to be included. Instead, one must deform the F-constraint. Note that
for space filling branes, we can also always take the matrix u in (2) to be the identity without
loss of generality, thus identifying the bosonic cotangent frame of the two supermanifolds. We
therefore choose for our D9-brane embedding
EA
A =
(
δa
a Λa
β′δβ′
α
0 δα
α + hα
β′δβ′
α
)
. (7)
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Here, and from now on, the Greek indices α are 16 component Majorana-Weyl spinor indices
of Spin(1, 9). The two chiralities are denoted by upstairs and downstairs indices. The target
space indices α can be split into the pair αi where the index i is an SO(2) index.
The main aim of this paper is to describe how one can systematically deform this constraint to
include derivative corrections to Born-Infeld theory. The deformations are described in terms of
spinorial cohomology and will be discussed in the next section.
We now focus on the supergeometry of the D9-brane superembedding and show how one can
deduce the equations of motion given the standard F-constraint . We consider the embedding
of N = (1, 0), D = 10 superspace into flat N = (2, 0), D = 10 superspace. The worldvolume
geometry is constrained by the torsion equation which gives the worldvolume torsion in terms
of the target space torsion. We have
TAEA
A = dEAEA
A = f∗dEA = f∗TA. (8)
The target space will be assumed flat throughout and hence the only non-zero component of the
target space torsion is at dimension zero,
Tαiβj
c = −iδij(γ
c)αβ . (9)
In components the torsion equation reads,
∇AEB
C − (−1)AB∇BEA
C + TAB
CEC
C = (−1)A(B+B)EB
BEA
ATAB
C . (10)
Analysing this equation level by level in dimension and substituting (2), we find:
dimension 0 :
Tαβ
c = −i(δγαδ
γ
β + hα
γhβ
δ)(γc)γδ (11)
dimension
1
2
:
Tαβ
γ = 0, (12)
Tαb
c = iΛb
βhα
γ(γc)γβ , (13)
2∇(αhβ)
γ = −Tαβ
aΛa
γ . (14)
dimension 1 :
Tαb
γ = 0, (15)
Tab
c = −iΛb
βΛa
α(γc)αβ , (16)
∇αΛb
γ −∇bhα
γ = −iΛb
βΛc
γhα
δ(γc)βδ (17)
dimension
3
2
:
Tab
γ = 0, (18)
2∇[aΛb]
γ = iΛb
βΛa
αΛc
γ(γc)αβ . (19)
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Next we proceed to the Bianchi identity for the two-form, F ,
dF = f∗H. (20)
The non-zero components of the three-form, H, in a flat IIB background, are given by
Hαiβjc = −i(γc)αβHij. (21)
There are two linearly independent closed forms, given by
Hij = (τ
1)ij and Hij = (τ
3)ij , (22)
with τ i being the Pauli matrices. We choose the first of these solutions, Hij = (τ
1)ij .
In components, the Bianchi identity reads
3∇[AFBC] + 3T[AB
DF|D|C] = (−1)
A(B+B+C+C)+B(C+C)EC
CEB
BEA
AHABC . (23)
Again, we analyse this level by level in dimension.
dimension −1
2
:
∇(αFβγ) + T(αβ
dFdγ) = 0. (24)
dimension 0 :
2∇(αFβ)c +∇cFαβ + Tαβ
dFdc + 2T(αc
dFdβ) = Eα
αEβ
βHαβc. (25)
dimension
1
2
:
∇αFbc − 2∇[bFαc] + 2Tα[b
dF|d|c] + Tbc
dFdα = −2E[b
βEα
αHαβc]. (26)
dimension 1 :
∇[aFbc] + T[ab
dF|d|c] = E[b
βEa
αHαβc] (27)
If we impose the standard constraints on F given by
Fαβ = Fαb = 0 (28)
then the Bianchi identity at dimension −12 is automatically satisfied. We will deform the F-
constraint in the next section but for now we work with the undeformed constraint.
If we linearise the above system of equations we find that the solution can be written quite
simply. We can split Λ into its two irreducible representations,
Λa
α = (γa)
αβψβ + Λˆa
α, (29)
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where Λˆ is gamma-traceless. Then, we substitute our results from the torsion equation into the
Bianchi identity. From the dimension 0 component we find, by contracting with
(
γ1
)αβ
and(
γ5
)αβ
hα
β =
1
4
Fcd(γ
cd)α
β. (30)
At dimension 12 we find
ψδ = 0, (31)
∇αFbc = 2iΛˆ[b
β(γc])αβ (32)
From the dimension 1 Bianchi identity we get
∇αΛˆb
β =
1
4
∇bFcd(γ
cd)α
β (33)
∇[aFbc] = 0 (34)
∇aFab = 0 (35)
The dimension 32 Torsion equation contains
∇[aΛˆb]
α = 0 (36)
∇aΛˆa
α = 0 (37)
The relation (31) is the linearised fermionic equation of motion for the worldvolume theory. One
can see this by going to static gauge, which is defined by the identification of the worldvolume
coordinates xa and θα with the target space coordinates xa and θα1. The second spinorial
coordinate becomes the field on the worldvolume, θα2 = ζα(xa, θα), which is (at lowest order) the
spinor field strength superfield of the deformed Maxwell theory. In this gauge, Λa
α = ∇aζ
α, so,
at the linear level, the above equation is the Dirac equation for ζ. The full non-linear equation is
the supersymmetric Born-Infeld equivalent. The relation (35) is the linearised bosonic equation
of motion for the for the worldvolume theory. This obviously has the form of the Maxwell
equation for the vector field Aa.
The linear relations constrain the fields Fab and Λˆa
α and their derivatives to lie in certain
representations of Spin(1, 9) (see the appendix for notation)
∇a1 ...∇anFbc in the irrep (n1000), (38)
∇a1 ...∇an−1Λan
α in the irrep (n0010). (39)
The non-linear corrections to the linearised equations can then be regarded as an expansion in
the above objects (i.e. the fields satisfying their lowest order relations). This is also how we will
treat the additional non-linear corrections which appear when we deform the F-constraint.
The non-linear corrections to the undeformed theory can be derived from the system of torsion
equations and Bianchi identities. We can decompose the matrix, hα
β, into irreducible represen-
tations,
hα
β = hδβα + hab(γ
ab)α
β + habcd(γ
abcd)α
β. (40)
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As we have seen, at the linearised level, only the two-form component of hα
β is non-zero and
that this is the two-form component of F , up to a factor. The non-linear parts of hα
β will be
denoted by h′α
β and up to cubic order in F we find
h′ = 0, (41)
h′ab =
1
8
(FacF
cdFdb +
1
4
FcdF
cdFab), (42)
h′abcd =
1
16.2.6.4!
ǫabcdefghijF
efFghF ij . (43)
The equations at dimension 12 imply,
∇αFbc =2iΛ[b
β(γc])αβ − 2i(γ
d)γβhα
γFd[cΛb]
β. (44)
This relation is the supervariation of F in the non-linear theory. Note that the first term contains
a linear piece and also a non-linear piece (the gamma-trace), given by
ψδ =
1
10
(γa)αδΛa
α =
1
700
[− 6(γd)βγhα
γFdcΛb
β(γbc)αδ
− 2i(γa)
αβ∇αh
′
β
γ(γa)γδ
− (γa)
αβhα
ǫhβ
η(γc)ǫηΛc
γ(γa)γδ] (45)
This is the non-linear fermionic equation of motion for the worldvolume theory. One can use
this equation to determine ψ order by order in fields once hα
β is known.
At dimension one we have
∇[aFbc] =− iΛ[b
βΛa
α(γd)αβFc]d (46)
∇bFab =
1
8
[10(γa)
αǫ∇αψǫ −∇bh
′
α
γ(γbγa)γ
α + iΛb
βΛc
γhα
δ(γc)βδ(γ
bγa)γ
α], (47)
which are, respectively, the non-linear Bianchi identity for Fab and the non-linear bosonic equa-
tion of motion. We also find the non-linear supervariation of Fab,
∇αΛa
β = ∇bhα
γ − iΛb
βΛc
γhα
δ(γc)βδ. (48)
These equations determine everything as a series in the the fields of the linearised theory, i.e.
Fab and Λˆa
α and their derivatives, in the representations (38,39). Thus we have seen that the
F-constraint gives the full non-linear dynamics of the D9-brane worldvolume theory.
Kappa symmetry in this formulation is manifest. The equations we have written down are
invariant under diffeomorphisms of the worldvolume. The odd diffeomorphisms are precisely
the kappa symmetry transformations [21, 24, 25, 28].
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3 Derivative corrections
Our aim is to understand how to introduce a deformation into the theory which will allow a man-
ifestly kappa-symmetric treatment of higher derivative terms. We will follow the analysis pre-
sented in [31], where derivative corrections to the worldvolume theory of the eleven-dimensional
supermembrane are discussed in the superembeddings framework. In the supermembrane set-
ting, such corrections can be introduced via a deformation of the embedding condition Eα
a = 0.
In contrast, the only freedom we have here is to relax the standard constraint on the worldvolume
2-form F . Thus we have to allow the components Fαβ (dimension −1) and Fαb (dimension −
1
2)
to be given in terms of the covariant degrees of freedom Fab (dimension 0) and Λa
α (dimension
1
2), and their derivatives. We must introduce a parameter, l, with unit negative dimension in
order to respect the negative dimensionality of the components of F . We then search for possible
deformations of Fαβ and Fαb order by order in l.
In addition to the constraints described in the previous section, the deformations are constrained
by the Torsion equation and Bianchi identity which must still be satisfied. Furthermore, there
is a degree of redundancy in these quantities which can be absorbed by field redefinitions, of
which there are two types. Firstly, we can redefine the embedding coordinates
zM −→ zM + (δz)M . (49)
This transformation is, equivalently, a target space diffeomorphism. The second type of redefi-
nition is a shift of the one-form potential
A −→ A+ δA. (50)
These redefinitions can be used to remove the gamma-trace part of Fαb. The quickest way to
see this is as follows 2. When we perform a diffeomorphism of the target space by a vector field
v, we see that the three-form H, changes by
LvH = (ivd+ div)H = divH. (51)
The second equality follows from the closure of H. This can be thought of as a change in the
two-form potential B, by ivH. Examining the pullback of B we see that there is a change (at
lowest order) to the quantity Fαb
Fαb −→ Fαb + (γb)αβv
β2, (52)
if we choose va = vα1 = 0. Therefore such field redefinitions can be used to remove the gamma-
trace part of Fαb.
The second type of field redefinition is of the same form as one has in the problem of deforming
N = 1, D = 10 Yang-Mills theory [10]. There are two parts to the shift in the one-form potential,
2We thank Paul Howe for this neat argument.
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the vector part (δA)a, and the spinor part (δA)α. In the Yang-Mills case the vector shift can
be used to remove the vector part of Fαβ, leaving only the anti-self-dual 5-form part. Similarly,
we can use it here to remove the vector part of Fαβ and so the deformations we are looking for
are also given by anti-self-dual 5-forms J :
Fαβ = J
abcde (γabcde)αβ (53)
In [10], it was noted that the Bianchi identity together with the existence of the spinorial
field redefinitions (δA)α, implied that each deformation can be identified with an element of a
particular spinorial cohomology. This can be seen as follows.
The relevant sequence is one of irreducible representations of Spin(1, 9)
(00000) ∆0−→ (00001) ∆1−→ (00002) ∆2−→ (00003) ∆3−→ ... −→ (0000n) ∆n−→ ... (54)
The irreps are respectively a scalar, a downstairs spinor, an anti-self-dual 5-form, an anti-self-
dual 5-form spinor, etc. The operations, ∆n, are given by the action of a spinorial derivative
followed by projection onto the irrep (0000 n + 1). It follows from the algebra of spinorial
derivatives that there is a nilpotence condition, given by
∆n+1∆n = 0. (55)
In the case of the D9-brane, the algebra of spinorial derivatives is given by the worldvolume
torsion. At lowest order in fields this is the standard torsion and so one can use the same
arguments as in the N = 1, D = 10 Yang-Mills case [10] to classify the deformations.
The nilpotence condition allows the definition of the cohomology of ∆n by
Hn =
Ker∆n
Im∆n−1
. (56)
We find from the dimension −12 Bianchi identity 2 that the anti-self-dual five-form, Fαβ , must
satisfy the condition,
∇γJabcde − (γf [a)γ
α∇αJbcde]
f −
1
2
(γfg[ab)γ
α∇αJcde]
fg = 0. (57)
This condition is the statement that the (00003) representation contained in the quantity
∇αJabcde vanishes, i.e.
J ∈ Ker∆2. (58)
We call this the closure condition. There are some J for which the closure condition is satisfied
trivially. Such J correspond to redefinitions, δA, of the spinorial part of the gauge potential 1-
form and as such do not correspond to genuine deformations. They are trivially closed because
9
they are given by J = ∆1δA and closure follows from the nilpotence condition. Such J are
referred to as exact. It therefore follows that the genuine deformations are given elements of the
cohomology H2. We will explicitly calculate such objects.
We will be considering an expansion in numbers of fields. Our aim is calculate the first allowed
non-zero J which is a genuine perturbation of the Born-Infeld theory. The objects available to
construct J are the same degrees of freedom present in the linearised theory and they can be
taken to satisfy their linearised equations of motion and supersymmetry transformation rules
since these are true up to higher orders in fields. We therefore have Λa
α and the field strength
tensor Fab and their derivatives, in the representations constrained by the linearised theory (38,
39).
3.1 All order constraints from dimensional analysis
We have identified deformations of the Born-Infeld theory with anti-self-dual 5-forms, J , of mass
dimension −1. The mass dimensions of the quantities from which we can build such J are:
[l] = −1 (59)
[∂a] = 1 (60)[
Λˆa
α
]
=
1
2
(61)
[Fab] = 0. (62)
The only quantity that comes with a non-integer mass dimension is the fermion Λ (mass dim.
1
2). A deformation of Fαβ (mass dim. 1) of fractional mass dimension would therefore have to
contain an odd number of Λs. However, Fαβ is a boson, and hence must contain an even number
of fermions. Therefore, all deformations come at integer powers in mass dimension.
Any deformation can be written, schematically, as
Fαβ = J
abcde (γabcde)αβ = l
x∂kΛ2nFm (63)
Apart from derivatives and the fields Λ and F , the expression can also contain the volume form
ǫ10 and the metric η which carry an even number of vector indices. Dimensional analysis of the
above equation implies
−1 = −x+ k + n (64)
For x odd, this implies that k + n is even. Each pair of spinor indices can be replaced with an
odd number (which we call pi for the ith pair) of vector indices by contraction with γ
a, γabc or
γabcde. The number of vector indices is then
k + 2n+
n∑
i=1
pi + 2m = (k + n) +
n∑
i=1
(pi + 1) + 2m = even, (65)
and hence there is no way to construct a 5-form, which has an odd number of vector indices.
Essentially the same argument also goes through for any deformations of the (Abelian or non-
Abelian) N = 1 Super Yang-Mills Lagrangian in D = 10 (or indeed Yang-Mills coupled to a
10
spinor of canonical dimension). In this case the deformation is a scalar constructed from the
fields Wα (dimension −12) and Fab (dimension 0) and their covariant derivatives. Again one
finds only even integer powers of l (or integer powers of α′) in the deformations. Note that this
is not the case in the case of the deformed M2-brane [31] where one has to check explicitly that
there are no deformations at l3, for example.
3.2 Perturbative construction of deformations
To construct J we need to find a bosonic anti-self-dual 5-form (rep (00002)) inside the tensor
product of some number of the representations (38, 39). There are none linear in the above
objects (obviously) and nor are there any quadratic. Therefore we consider terms cubic in the
fields. The first such objects are at order l2. There are three of the form ΛΛF and one of the
form ∇FFF :
J1 = l
2Λα[a1Λa2
βFa3a4(γa5])αβ , (66)
J2 = l
2Λb
αΛbβF[a1a2(γa3a4a5])αβ , (67)
J3 = l
2Λb
αΛ[a1
βFba2(γa3a4a5])αβ , (68)
J4 = l
2∇bF[a1a2F
b
a3Fa4a5], (69)
where anti-self-duality is implicit. To see which of these are exact, we must consider all possible
spinors (δA)α which are cubic in the fields at order l
2. There are two:
δA1 = l
2Λa
βFabFbc(γ
c)αβ , (70)
δA2 = l
2Λa
βFabFcd(γbcd)αβ . (71)
To calculate ∆1δA, we form the quantity (γa1...a5)
αβ∇αδAβ for both of the above. The results
are combinations of the Js above. We find that
∆1δA1 = J2, (72)
∆1δA2 = J1 −
1
4
J4. (73)
(74)
So the above combinations of Js are exact. To check whether the remaining two linearly inde-
pendent combinations are closed (i.e. ∆2J = 0) we need to consider the possible anti-self-dual
5-form spinors, C, (rep (00003)) which are cubic in the fields at order l2. There are two of these,
given by the (00003) parts of:
C1 = l
2Λ[a1
αΛa1
βΛa3
γ(γa4a5]b)αβ(γ
b)γδ, (75)
C2 = l
2Λ[a1
α∇bFa2a3Fa4a5](γb)αβ . (76)
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Applying a spinor derivative to the remaining Js we find,
∆2J3 = −iC1 (77)
∆2J4 = iC2. (78)
Hence the only closed combinations of Js are exact and we find the cohomology is trivial at this
order in l.
We therefore proceed to higher order in l. The next possibility is l4 and we find nineteen possible
anti-self-dual 5-forms cubic in the fields. These are listed in the appendix. There are fourteen
spinors (δA)α cubic in the fields at order l
4, however, there are at most twelve independent field
redefinitions because there are two combinations which can be written in the form,
(δA)α = ∇αφ, (79)
for some scalar φ. Such spinors are exact in the sequence (54) and hence they give no field redef-
inition. By direct calculation one can verify that indeed the remaining twelve are independent.
There are six possibilities in the representation (00003). By counting one can see that there is at
least one J which is closed since there are 19 Js in total, twelve of which are field redefinitions,
leaving 7 possibilities. There are 6 constraints from the closure condition so there is at least one
solution. Again a direct calculation reveals that there is indeed only one solution, which can be
written in the form,
Ja1a2a3a4a5 = l
4∇bΛc
αΛbβ∇cF[a1a2(γa3a4a5])αβ − dual . (80)
This is our main result. The above term represents the first supersymmetric and kappa-
symmetric deformation of the Born-Infeld theory of the D9-brane at lowest order in fields and
lowest order in the dimensionful parameter l. The details of the derivation are given in the
appendix, where all the relevant quantities in the representations (00000), (00001), (00002) and
(00003) are written explicitly.
4 Derivative corrections to the equations of motion
The derivative corrections to the equations of motion can be simply computed by including a
non-zero Fαβ in the Bianchi identity. We work up to order three in fields since Fαβ is computed
up to this order. The corrections to the various quantities given in section 2 are denoted below
by a superscript (3,1), referring to order 3 in fields and order 1 in the deformation J .
The Bianchi identity at dimension −12 , gives the gamma traceless part of Fαb in terms of Fαβ.
We find
Fˆαb =
i
10
(γb)
βγ∇γFαβ. (81)
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At dimension zero we find the leading corrections to the different irreps in hα
β.
h(3,1) = 0, (82)
h
(3,1)
ab =
1
8
(γcde)αβ∇α∇βJabcde, (83)
h
(3,1)
abcd = −
1
24
(γ[a
ef )αβ∇α∇βJbcd]ef −
7i
6
∇eJabcde. (84)
At dimension 12 we have the correction to the supervariation of F ,
(∇αFbc)
(3,1) = 2i(γbc)
γ
αψ
(3,1)
γ +
2i
10
(γ[c)
γδ∇b]∇γFαδ, (85)
and the correction to the fermionic equation of motion,
ψ(3,1)α =
6
10.700
∇b∇ǫFβδ(γc)
ǫδ(γbc)βα −
2i
700
(γh)ǫβ∇ǫh
(3,1)
β
γ(γh)γα. (86)
At dimension one we have no correction to the component Bianchi identity for Fab,
(∇[aFbc])
(3,1) = 0, (87)
and the correction to the bosonic equation of motion,
(∇aFab)
(3,1) = −
10
8
(γa)
αǫ∇αψ
(3,1)
ǫ +
1
8
∇bh
(3,1)
α
γ(γbγa)γ
α. (88)
The correction to ∇αΛˆ is then given by
(∇αΛˆb
γ)(3,1) = −(γb)
γδ∇αψ
(3,1)
δ +
1
4
(∇bFcd)
(3,1)(γcd)α
γ +∇bh
(3,1)
α
γ (89)
This verifies that the corrections to the theory are indeed specified just by fixing the deformation
of the F-constraint which is given by J . We have calculated the first possible deformation of
the constraint at order l4 and cubic in fields and hence the first derivative deformation of the
Born-Infeld theory allowed by supersymmetry.
One could also explicitly calculate the corrections to the kappa-variations of the fields. These
are of the same form as in the undeformed case. For the variations of the coordinates, one simply
has to bear in mind that there are corrections to the embedding matrix induced by J (82,83,84).
For the variation of the gauge field one must account for the non-zero components Fαβ and
Fαb. However, it should be emphasised that a formulation where the symmetry is manifest is
preferable to one where explicit variations are required.
13
5 Conclusions
Using the superembedding formalism, we have shown that derivative corrections to the D9-brane
effective action can be systematically computed in a manifestly kappa-symmetric manner. All
supersymmetric and kappa-symmetric deformations of Born-Infeld theory can be identified with
elements of a spinorial cohomology group. We have calculated explicitly the first such possible
correction at leading order in the dimensionful parameter l and leading order in number of
fields. In general, one expects corrections to the term we have found both at higher order in
number of fields and at higher order in l in order to consistently solve the Bianchi identity. Any
such higher order completion will necessarily not be unique due to the presence of higher order
elements of the cohomology group. Given that some all order completion should exist, the term
we have presented defines a kappa-symmetric theory which, upon gauge fixing, must reproduce
the leading derivative correction to the four-point amplitude of the open superstring. It would
be interesting to find an explicit form for such an invariant to all orders, although this would
not be the complete effective action for the open superstring because it would not contain (for
example) higher derivative four-point functions. It would also be of interest to find the correct J
which would reproduce the full four-point interactions to all orders in l. One would require some
input from string theory to fix the coefficients of the independent terms in such a calculation,
as discussed in [8].
The constructions of [31] and the present work could be extended to branes with both gauge and
transverse bosonic degrees of freedom. However, in the case of low (but not zero) codimension,
there are two constraints to deform, the embedding constraint and the F-constraint. We expect
that in such cases the solution to the deformation problem is unique at order l4.
One can make use of our results in two ways: one could assume string theory dualities, and thus
construct the effective theories for other D-branes by T-duality. Alternatively, one can perform
the direct calculation, using the same method to check if there is in fact only one solution, thus
guaranteeing that T-duality is respected to order l4 by supersymmetry.
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Appendix
We use the highest weight notation for irreducible representations. The relevant group is
Spin(1, 9) which is D5 in the Cartan classification. The relevant irreducible representations
are given by:
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(10000) vector
(01000) two-form
(11000) traceless vector two-form
(00001) downstairs spinor
(00010) upstairs spinor
(10010) gamma-traceless (upstairs) vector spinor
(00002) anti-self dual 5-form
(00003) anti-self-dual 5-form (downstairs) spinor
Scalars at l4
There are two ways of constructing the representation (00000) which are cubic in the fields.
They are,
∇ΛΛF : φ1 = l
4∇bΛc
αΛbβFcd(γd)αβ , (90)
ΛΛ∇F : φ2 = l
4Λa
αΛb
β∇cF
ab(γc)αβ . (91)
Field redefinitions at l4
There are fourteen ways of constructing the representation (00001) which are cubic in the fields:
Λ∇2FF : (δA1)α = l
4Λa
β∇a∇bFcdFbc(γd)αβ , (92)
(δA2)α = l
4Λa
β∇a∇bFcdFb
e(γcde)αβ, (93)
∇Λ∇FF : (δA3)α = l
4∇aΛb
β∇aFbcFcd(γ
d)αβ , (94)
(δA4)α = l
4∇aΛb
β∇aFcdF
bc(γd)αβ , (95)
(δA5)α = l
4∇aΛ
bβ∇cF
adFbd(γ
c)αβ , (96)
(δA6)α = l
4∇aΛb
β∇aFbcFde(γcde)αβ , (97)
(δA7)α = l
4∇aΛb
β∇aFcdFbe(γcde)αβ , (98)
Λ∇F∇F : (δA8)α = l
4Λa
β∇aFbc∇
bFcd(γd)αβ , (99)
(δA9)α = l
4Λa
β∇bF
ac∇cF
bd(γd)αβ , (100)
(δA10)α = l
4Λa
β∇bF
ca∇cFde(γ
bde)αβ , (101)
(δA11)α = l
4Λa
β∇aFbc∇
cFde(γ
bde)αβ , (102)
∇ΛΛΛ : (δA12)α = l
4∇aΛb
βΛaγΛcδ(γc)αβ(γ
b)γδ , (103)
(δA13)α = l
4∇aΛb
βΛaγΛbδ(γcde)αβ(γ
cde)γδ , (104)
(δA14)α = l
4∇aΛb
βΛaγΛcδ(γcde)αβ(γ
bde)γδ . (105)
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Two linear combinations of these are exact in the sequence (54). One finds,
∆0φ1 = −
1
2
(δA1)−
1
4
(δA2) +
1
2
(δA4) +
1
4
(δA7)−
i
4
(δA12) +
i
8
(δA14), (106)
∆0φ2 = (δA9)−
1
2
(δA10) + 2i(δA12). (107)
We can use these relations to eliminate (δA10) and (δA14) when computing which combinations
of Js are exact in the sequence (54).
Deformations at l4
There are nineteen ways of constructing the representation (00002) which are cubic in the fields.
They are given below as tensors Ja1a2a3a4a5 . It is understood that one antisymmetrises over the
free indices a1...a5 and explicitly subtracts the dual.
∇2ΛΛF : J1 = l
4∇b∇cΛa1
αΛbβFca2(γa3a4a5)αβ , (108)
ΛΛ∇2F : J2 = l
4Λb
αΛc
β∇b∇cFa1a2(γa3a4a5)αβ , (109)
J3 = l
4Λb
αΛa1
β∇b∇cFa2a3(γa4a5c)αβ , (110)
J4 = l
4Λb
αΛc
β∇d∇a1F
bc(γa2a3a4a5d)αβ , (111)
∇Λ∇ΛF : J5 = l
4∇bΛa1
α∇bΛa2
βFa3a4(γa5)αβ , (112)
J6 = l
4∇bΛc
α∇bΛcβFa1a2(γa3a4a5)αβ , (113)
J7 = l
4∇bΛc
α∇bΛa1
βFca2(γa3a4a5)αβ, (114)
J8 = l
4∇bΛa1
α∇cΛa2
βFbc(γa3a4a5)αβ , (115)
∇ΛΛ∇F : J9 = l
4∇bΛa1
αΛa2
β∇bFa3a4(γa5)αβ , (116)
J10 = l
4∇bΛc
αΛbβ∇cFa1a2(γa3a4a5)αβ , (117)
J11 = l
4∇bΛc
αΛa1
β∇bFca2(γa3a4a5)αβ, (118)
J12 = l
4∇bΛa1
αΛa2
β∇bFca3(γa4a5c)αβ, (119)
J13 = l
4∇bΛa1
αΛc
β∇bFca2(γa3a4a5)αβ, (120)
J14 = l
4∇bΛa1
αΛc
β∇a2F
bc(γa3a4a5)αβ , (121)
J15 = l
4∇bΛa1
αΛbβ∇cFa2a3(γa4a5c)αβ , (122)
J16 = l
4∇bΛc
αΛbβ∇dFca1(γa2a3a4a5d)αβ , (123)
∇2F∇FF : J17 = l
4∇b∇cFa1a2∇
bFca3Fa4a5 , (124)
J18 = l
4∇b∇cFa1a2∇
bFa3a4F
c
a5 , (125)
∇F∇F∇F : J19 = l
4∇bFca1∇
bFa2a3∇
cFa4a5 . (126)
From the twelve independent spinors given previously we derive the following twelve exact com-
binations of the above Js which correspond to field redefinitions and not genuine deformations,
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E1 = ∆1(δA1) = 16J1 + 4J2 + J4, (127)
E2 = ∆1(δA2) = 96J18 + i[16J1 + 4J2 − 48J3 + J4], (128)
E3 = ∆1(δA3) = J6 − 2J7 + 2J11, (129)
E4 = ∆1(δA4) = 2J7 + J10 − 2J13, (130)
E5 = ∆1(δA5) = 8J7 + 8J8 − 2J10 + 8J14 + J16, (131)
E6 = ∆1(δA6) = −96J17 + i[...], (132)
E7 = ∆1(δA7) = 6J18 + i[J7 − 6J9 − J11 + 3J12], (133)
E8 = ∆1(δA8) = 2J10 + 8J13 + 8J14 + J16, (134)
E9 = ∆1(δA9) = 2J10 − 8J11 − 8J14 − J16, (135)
E10 = ∆1(δA11) = J19 + i[...], (136)
E11 = ∆1(δA12) = 6J9 − J11 + 3J12 + J13 − 3J15, (137)
E12 = ∆1(δA13) = J2 − J10. (138)
The notation [...] is used above to denote a linear combination of terms involving Λ (the terms
J1 to J16). The details of the linear combination are not needed for the ensuing analysis. The
above relations mean that it is consistent to remove all but J3, J4, J5, J9, J10, J14, J16 from the
set of Js to check which satisfy closure non-trivially.
Closure constraints at l4
There are six ways of constructing the representation (00003) which are cubic in the fields. They
are given below as tensors, Ca1a2a3a4a5δ. It is understood that one should antisymmetrise the
free indices a1...a5, explicitly subtract the dual and take the γ-traceless part.
∇Λ∇ΛΛ : C1 = l
4∇bΛ
a1α∇cΛ
a2βΛcγ(γa3a4a5)αβ(γ
b)γδ (139)
C2 = l
4∇bΛc
α∇cΛa1βΛa2γ(γa3a4a5)αβ(γ
b)γδ (140)
ΛΛ∇2Λ : C3 = l
4Λb
αΛa1β∇b∇cΛ
a2γ(γcda3a4a5)αβ(γd)γδ (141)
∇Λ∇2FF : C4 = l
4∇bΛ
a1α∇b∇cFa2a3Fa4a5(γc)αδ (142)
∇Λ∇F∇F : C5 = l
4∇bΛ
a1α∇bFa2a3∇cFa4a5(γc)αδ (143)
Λ∇2F∇F : C6 = l
4Λa1α∇b∇cF
a2a3∇bFa4a5(γc)αδ. (144)
Applying ∆2 to the nineteen Js we find:
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∆2J1 =
i
2C3 ∆2J8 = −2iC1 ∆2J15 = −2C5
∆2J2 = 0 ∆2J9 = −
1
2(C5 + C6) ∆2J16 = −8iC1
∆2J3 = −2C6 ∆2J10 = 0 ∆2J17 = −iC4
∆2J4 = −8iC3 ∆2J11 = −iC2 ∆2J18 = −iC6
∆2J5 = C4 ∆2J12 = C6 − C5 ∆2J19 = −iC5
∆2J6 = 0 ∆2J13 = −iC2
∆2J7 = −iC2 ∆2J14 = i(C1 + C2)
(145)
Thus we can see that from the set, {J3, J4, J5, J9, J10, J14, J16}, the only closed J is given by
J10. This is the fist non-trivial deformation of the F-constraint.
In constructing the terms in the preceding sections the program LiE, [38] proved useful. We
used it to check that we found the correct number of terms of each representation. We have
also checked some of the gamma-matrix manipulations with the Mathematica package GAMMA
[39].
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